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A TIEORE} ON TREND-FREE BLOCK DESIGNS

Ching-}ing Yeh Ralph A. Bradley
University of !linnesota at llorris Florida State University
MHorris, rfinnesota Tallahassee, Florida
™~ SUTARY
=1

An earlier, referenced report considered the existence of trend-free
block designs cad gave some neneral results for general block desipgns and
some special results for corplete block designs. This report presents a
new existence theorem that is sufficiently general to cover broad classes
of incorplete block desicns and suggests a design construction method.

Supnose that a conmon trend affecting treatment responses exists over
tiie plots within blocks of a block design with the usual design parameters,
v, b,. k, r. A trend-free block design, if it exists, is one for which
treatments are assigned to plots within blocks ge that treatment amd block
contrasts are orthogonal to specified trend components. i'e nrove that,
if a given block desipgn is constructed and the common trend is linear, the
necessary and sufficient condition for the existence of a trend-free block

design with the same incidence matrix is that %r(k + :) be an integer.

S




pradley and Yeh (1930) introduced the concept of trend-free block (TFB)
designs and geveloped a necessary and sufficient condition for their existence.
Yeh and Bradley (1979) established alternative existence conditions, in
some cases for special trends and special block desipns, and exanined some
design construction procedures. While some irportant results were obtained
for complete block designs, extensions to incorplete block desions were
limited. The purpose of this report is to present a new theorem that is
very generally anplicable to incomplete block desims.

In review, consider an experimental situation with v treatments
applied to plots arranged in b blocks of size k < v. Each plot receives
only one treatment and each treatment occurs at most once in a block.

Plots in each block are arranged in the same m-dimensional array, indexed

by vectors of positive integers, ¢ = (tl, cees tm), t,=1, ..., s
th

u’
u=1, ..., n, wiere Su is the number of plot positions in the u
dimension, 1 Sy = k. A polynomial trend, common to all blocks, is

u
assumed to exist over the plots in a block and to be a function of the

plot position t.
The classical model for general block designs is extended through
tiie acdition of trend terms. The trend fuimction is expressed as a linear

combination of m-dimensional, orthogonal polynomials of the form,

m
L) e T T T (),

W e = SRR

10

where ¢a (tu) is a one-dirensional, orthogonal polynomial of degree «, on
u
the integers, 1, ..., Syt The rodel is

2 TR §,.1. + B. t) +e...
2 yJE g ig t'i BJ ' g,\eﬁ%("') EJE'




T

, =1, ..., m where

=l bt (ty, e, ), t =L, e, sy

yj ¢ is the observation on plot position t of block j, W, T and BJ. are

respectively the usual mean, treatment and block parameters, | 92%(,1;) is
€A
the trend effect on plot t, not dependent on the particular block j, with

8, being the regression coefficient of ¢u(£) and A, an index set of p,

~

m-dirensional, non-zero vectors of the form a, » < k, and the €5t are

~

randon errors assumed to be i.i.d. with zero means. Designation of the

treatment applied to plot (j, t) is effected through indicator variables,

i
GJE
A TFB design exists wien it is possible to choose the G;t so that the

~

estimators of treatment and block contrasts arc unaffected by the

= 1or 0 as treatment i is or is not on plot (j, t), i =1, ..., v.

presence or abscnce of the trend terms in (2). For a TFB design, the
appronriate treatment and block sums of squares in analysis of variance
have the same algebraic forms in the presence or absence of the trend

terns.

Let Aj’ j=1, ..., b, be the k x v matrix with GJi'jg in row t and colum
i and let gbe tiie k x p matrix with ¢a(£) in row t and colurmn q.
Further, iet 5; = (Ai, . A};) and )~Ce~= ~1'b %9, where Lb is the
b-dirensional colum vector with unit elerents and B 8 C is the Kronecker
product of B and {. DBradley and Yeh (1980, Theorem 3.1) show that a block

design is trend-free (to the trend terms specified in the model) if and

only if

(3) X'%4,. =0




In this report, attention is limited to consideration of TFB designs
when Ty = ...=T =T, ksv, r, k>1, m=1. These designs will be
designated as TF ¢B(v, b, k, r) desions, desipns with treatments so
arranged within blocks that they are trend-frec to a common, one-dimensional
trend over tie k plot positions within the blocks. Vhen ¢ = 615 the
cormon trend is linear; when $ = (21, 22) , the cormon trend is quadratic.

Theorem 3.3 of Yeh and Bradley (1979) is the key to the new theorem

of this report and i> r-estated:

Theorem 1. If ¢ = (.‘!’.1’ gp) under model (2), then a TF¢B(v, b. k, 1)
Jesign exists if and only if there exists a v x b matrix i} with ;on-negative
elements such that

(i) each colwm of }] has the integers 1, ..., k as elements along
with (v - k) zero elements, and,

.. t‘

ii) foranya =1, .... 1, the sun of the o' powers of elements
i A

.

i
1

Il R

ti
for any single row of Y is Sa(k, T) = I;
i

The theoren to be proved is:

Theorem 2. If ¢ = ¢, and a connected block design exists with
narameters v, b, k and r, the desien may be converted into a TF 6 2(v, b, k, 1)
~1
desim through exchanges of plot positions for trcatments within blocks if

and only if 4r(k + 1) is an integer.

Jlecessity follows at once from Theorem 1. Proof of sufficiency requires
a series of lemmas given below. Theorem 2 irmlics Theoren 4.2 (Yeh and

dradley, 1973) when k = v and apnlication to various classes of incomplete

block desions is obvious.




i The key to proof of sufficiency for Theorem 2 is tlie matrix ! of
Theorem 1. The typical eclement wij of I/ is the plot position of treatment
i in block j if wij # 0 and, if w.. = 0, treatment i does not occur in

1)
block j. Each colurm of W consists of the integers 1, ..., k along with

v - Kk zeros and each row of ¥ contains r non-zero elerents. The first and

! obvious lemma sumarizes the situation.

A Lemma 1. If W represents any block design with parameters

T v, b, k and r with specified plot positions for treatments within each
block, then

(i) (The minimm row sum of i) < Lr(k + 1), and

(ii) equality holds in (i) if and only if I represents a

T]F¢ B(v, b, k, r) design.
<1

Lemma 1 provides a basis for the desired proof of sufficiency. If
exchanges of non-zero elerments are made within colums of W, a new design

with the designated parameters results but row sums in ¥ may change. If

such exchanges result in equal row sums of %r(k + 1), an integer by

asswiption inTheorsm.2, then a TF<> B(v, b, k, r) design is produced
~1

(Theorem 1). A matrix Y may have several rows with minimm row sum.

: Ddefinition 1. A matrix WV, and its corresponding block design, can

be improved if, through exchanges of non-zero elenents in colums of Y,

Y U e, s g SO v,

the minimm row sum of the resultant matrix is not decreased from that of

l . s, .
| ) and the nurber of rows with the minimm row sum of ¥ is reduced.

Remarks 1. If %r(k + 1) is an integer and if }Y, representing a block
design of the class under consideration, is such that it can be irmroved

through a sequence of improved matrices }31, vens "vn’ Jn having minimum




et

Tow sum, 4r(k + 1), then n is finite and L:n represents and specifies a g

TF, B(v, b, k, r) design. !
2

Some exchance notation is nceded. lic write

i . - ot l =W, ALY, v,
(1) Wig ¥ Wi tomeanthatwlj 1 wl,J,1#1,11.3=0,

(ii) wij & wi'j to mean that (i) holds and the exchange is made
yielding a new W matrix, and

(iii) LI gwi . Iwi . F‘»wi . to mean that the first exchange is
11 221 1222 372

made in }! followed by tiie second exchange in the matrix resulting from the
first, j1 # Py

Hore generally, we write

(5 Wijo Vg s |wi 3 -E>wi i R Ewi .
1 T Ry 2 R 2 n  'n+l'n
to mean a sequence of exchanges, each based on the !V matrix resulting 7

from the previous exchange, j,c # jt+1’ t=1, ..., n.

Lerma 2. Given the sequence of exchianges (5) with n > 1, the
resultant I/ matrix is such that,

-th row sum is increased by 1 (relative to

(i) 1f i1 # in+1’ the i1
the original matrix ]}, the inﬂ-th row sun is decreased by 1, and all of
the remaining row sums are unchanped, or

(ii) I1fi

1= 1 all row sums are unchangec.

Definition 2. If the sequence of exchanges (5) is possible with
. . . . P . e e b 1
11 # 1n+1’ we say tnat row 11 can neacit Tow 14 in the initial matrix V.
If A and 3 are two matrices with rows consisting of two, non-erpty, disjoint

subsets of the rows of li, we say that A can neach B if a row in A can reach

a row in B.




B SO

Lerma 3. If A and B contain all row sums in Y and if | represents

a connected design with parameters v, b, k and r, then A can reach B

through one exchange if the averace row sum of A does not exceed 4r(k + 1).

Proof. The proof is by contradiction. Supnose that A cannot reach B
through one exchange.

Let ny be the nurber of non-zero elements in the j-th colum of A,
j=1, ..., b. If nj # 0, the non-zero elerments in colum j of A rust be

k, (k-1), ..., (k- nj + 1), the larpest nj nubers in the set {1, ..., k}l.

If the nmurber of rows in A is 2 k, 0 < ny < k for at least one j since the -
design is connected. It follows that the average row sum in A is

r b b
(6) 5 nj(ZL - ny ¢ 1/}

TSN
n. =rk +1%) - n. n.)
j=1 j=1 J 7(3':1 =1 )

b b
>tk +%) - =( 7 nk/ Tn) =LK+ 1),
’ijl J ng ] Z

the ineauality in (6) being strict because the design is connected. The
condition of the lemma is violated and the proof is complete,
Lemma 4 follows from Lerma 2 and Lemma 5 presents a condition for

continuation of the exchanpe process:

Lerma 4. I€ rows i and i' in Y/ have respectively the minimm row sum
S ————————— ~ y

mand a row sum 2 m + 2, i can be irproved if row i can reach row i‘.

Lemaa 5. Ifw, . g W, . 1is possible in I{ and if the resultant matrix
B 1 1 -

Joes not represent a TF¢ B design but does have row i, with minirnm row

1

sunm, there exists a row 13 and a colurm jz, 13 # i, j2 # jl, such that

W. = > W. .
1), 13,




et At AN 1 o

(o)

Proof. Assume that the claimed result is false. Let W* with

typical element w'-i"j result after w, ; 5 in §. Then row i, of

ifdy i)
W* cannot reach any otier row through a colum different from jy- This

neans that w’i‘ j is now at least 1 and all of the remaining (r - 1)
2'1
positive elerents in row i2 of 1/* rust be k. Therefore, the iz-th TOW

sumof W* 2 (r - 1)k + 1 2 4r(k + 1) since r, k > 1. A contradiction is

established by Lerma 1 and the proof follows.

Notice that, if i, = i, in Lemma 5, each row sum in the matrix resulting

3

fronw, . *w, .| w
91 1

1

. s § w. . matches the corresponding row sum of W
i) i-j b
2°2 32

by Lemma 2.

Proof of Sufficiency, Theoren 2. If the matrix ¥ corresponding to

the block design of Theorem 2 does not represent a TF 6 B design, all rows of
1

~

Y may be collected into three matrices, BO’ 51, and 52 such that R‘O
consists of rows with minimm sum m, }31 of rows with sums (m + 1), and 52
of rows with sus 2 (m + 2). We show that BO can always reach 52.
Therefore, by Lemma 4, l/ can be improved and a 'I‘Fng(v, b, Ik, r) design can
be obtained by Remark 1.

It is easy to show that, when the row sums of |/ are not all equal, Bl
may or ray not exist, while Ry and gz always exist. Uhen 51 does not exist,
we ray set A = R, and B = R, and usc Lerma 3 to show that R, can reach R,.

Vhen R, exists, we show that [, can reach R, by contradiction.

S A =D ! =
Assune that [, cannot reach R,. Set A =R and g

<....<»...-.._.‘.<....,..

Lemma 3 again: since R, cannot reach R,, B, can reach R, through one

: E . . c Ca
exchange, say wiljl e wizjl, yielding a new matrix '~11' Row i, in ,.11




1
¥

has suzim, the minimun row sum in Hl’ and, by Lerma 5, a further exchange,
wizjz = wisjz, iy # jqs may be made and yields a new matrix Wy After

the two exchanges, row i3 of ljz has sim m or (m - 1) depending on whether row
13 was in 31 or Ry, in either case, row i3 has minimsa row sum in W,.
Lema 5 is applied again and an additional exchanpe may be made.

A successive exchange process hac been established that continues
without ending if 50 cannot reach BZ‘ But the nurber of possible exchanges
and orders of exchanges in colums of }{ is finite and a closed loop of

exchanges like (5) with in+1 = i, rust result. Rows of I! in the loop musc

1

come from ;0 because otherwise }30 would reach }32 The loop is closed in

~1

the sense that rows in the loop cannot reach the remaining rows, if any, in

R
Eoi[ and cannot reach rows in B again because then R, would reach R,.
~1

A contradiction has resulted and is established throush use of Lemma 3.

~

By

~

Let A be tie subset of rows of in the closed loop and let B be the

rermaining rows of W. It is clear that the average row sum in A does not
exceed 4r(k + 1) and A should be able to reach B. Theorem 2 has been
established.

Remark 2. Theorem 2 has irplications for rank-order statistics. If
treatments are ranked within blocks of the connected block design and
treatment rank sums are considercd instead of position sums, the theorem
establishes conditions under which the treatments may have equal rank sums.

Let a balanced incorplete block (BID) design free of a trend described
BIB(v, b, k, 1, -

2 4
designs exist. Raghavarao (1971, Table 5.10.1) gives solutions for BIB

by ¢ be Jesignated as a TF¢BIB(V, b, k, r, 1) design. l@any TF




10

designs with v. b < 100, r, k < 15. ilinety-one desions are listed of which ii
only fifteen do not yield TF¢1BIB desipns, namely nurbers 1, 6, 14, 15, 24, f
27, 35, 36, 46, 43, 52, 53, 69, 72, and §8.

Syrmetric balanced incomplete block designs, for which v = b and hence :

Kk =r, free of a trend described by ¢, ray be designated as TF, SBIB(v, k, 1)

¢
designs, where A has the usual meaning. It is obvious that SBIB designs yield

TF¢ SBIB(v, k, 1) designs by Theorem 2. A Youden Square design is a special
1

~.

case of an SBID design in a rectangular array with the colums forming a

(B design and the rows an SBIB design. Youden Squares are the incomplete !

block design counterpart to Latin Squares in cormlete block designs.

Theorems on trends in one dimension of higher order than the first
are difficult to develop. An example of a TF¢BIB(V, b, k, r, 1) design is given
by Yeh and Bradley (1979; when ¢ = (21, 22), a quadratic trend, and
v=35,b=10, k=3, r=6, » = 3.

The method of proof of Theorem 2 suggests a possible exchanre method
for derivation of TF¢ B(v, b, k, r) designs when they exist that should be

~

feasible on a cormputer.




11 .
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ar broad classes of incomplete block designs and sugeests a desism construction method.

Suppose that a common trend affecting treatment responses exists over the plots within
cks of a block design with the usual design parameters, v, b, k, r. A trend-free block
ign, if it exists, is one for waich treatments are assigned to plots within blocks such ti
atment and block contrasts are orthoronal to specified trend cormponents. We prove that,
1 given block design is constructed and the corron trenc is linear, the necessary and
ficient condition for the existence of a trend-free block design with the same
idence ratrix is that %r(k + 1) be an integccr.




